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Abstract

Let G = (V,E) be a simple graph. A vertex k-coloring of a graph G is a labeling function c:V(G) —
T, where |T| = k and it is proper if the adjacent vertices have different labels. A graph is
k —colorable if it has a proper k —coloring. The chromatic number x(G) is the smallest such that
k such that there exist a proper k —coloring of G. This article investigated the chromatic number
for Delonix Regia Flower (DRF),) and Plumeria Flower (PLF:). The results showed that the
chromatic number for Delonix regia flower (DRF,) is y(DRF,) = 4 for n = 4. Furthermore, the
chromatic number for Plumeria Flower Graph y(PLF,) = 4 for nis odd, and x(PLFE,) = 3 for
n is even.

Keywords: Chromatic number, graph coloring, vertex coloring, graph operations, Delonix Regia graph,
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1. INTRODUCTION

Mathematics is a branch of science that is developing very rapidly and most widely

applied in everyday life. One of the branches the mathematical science that is developing
rapidly is graph theory. Graph theory first introduced in 1736 by mathematician Leonhard
Euler who applied it to the Konigsberg bridge problem, namely whether it is possible to pass
through four regions connected by seven bridges so that each bridge is crossed exactly once.
Bridge Problems Konisberg can be expressed in a graph by defining the four regions as vertex
and the seven bridges as sides connecting the pair corresponding vertex.
In general, a graph is a pair of sets (V, E) where V is a non empty set of vertices and it’s can be
written as V = {v;,v,,v;,...,1,,} and E is a set of edges that connects a pair of vertices in the
graph and it’s written as E = {e,, e,, €3, ..., €,} [7]. One of the developing topics in graph theory
is graph coloring that assigning colors to the vertices or edges of a graph. According to [1] there
are 3 types of colorings in graphs that is vertex coloring, edge coloring, and region coloring.

The chromatic number indicates the minimum number of colors needed to color the
vertices of a graph such that no two vertices are adjacent (directly related) have the same color.
The chromatic number is denoted by y(G).

According to [5], a k —coloring of a graph is a labeling c:V(G) —» T where |T| = k and it
1s proper if the adjacent vertices have different labels. A graph is k —colorable if it has a proper
k —coloring. The chromatic number x(G) is the least k such that G is k —colorable. Irwanto et
al. [10] has determined the chromatic number of special graphs. Saifudin et al. [17] has
determined vertex coloring in special graphs. A number of other researchers have also
determined the chromatic number for several types graphs [12], [8], [14], [15], [16], [11], [6],
[2], [13], [4], [3], [9]. Therefore, it is done further research to discuss chromatic numbers in
other graphs. In this research, we will study vertex coloring operations on Delonix regia flower
graph (DRF,) and Plumeria flower graphs (PLF,)) use the Greedy algorithm. There is upper
bound for chromatic number for any graph G.
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Theorem 1. If G is a simple graph, then the chromatic coloring number of its vertices y(G) falls
on this interval x(G) < A(G) + 1.

The Delonix regia flower graph (DRE,) for n = 4 is a graph formed from identifying
three graphs that is Anti-prism graph (4B,), wheel graph (W,), and helmet graph (H,,).
Furthermore, define the Plumeria flower (PLE,) for n = 4 is a graph formed from identifying
three graphs that is prism graph (H,), wheel graph (},), and fan graph (E,).

2. RESEARCH METHOD

One of the algorithm that can be used to coloring the vertices is Greedy Algorithm. The
steps are as follows :

1. Select a starting vertex
Start by selecting a vertex as the starting vertex. The selection of the starting vertex
should follow the predefined notation for vertex in the graph.

2. Color the starting vertex
Assign color 1 to the starting vertex, then proceed to the other vertices. Make sure that
there are no adjacent vertices have the same color.

3. Color the other vertices
Continue by giving color 2 to vertices that are not yet colored, but make sure that no
two adjacent vertices have the same color.

4. Continue with the same technique
Apply the same technique by using a larger color one level above the previous color,
and make sure that no two adjacent vertices have the same color.

5. Prove the upper and lower bound of chromatic number
Ensure that the number of colors used does not exceed A(G) + 1, where A(G) is the
maximum degree of the graph G (the maximum number of neighbors of a vertex in the

graph).

3. RESULT AND DISCUSSION

The results presented in this section provide the chromatic number of Delonix regia
and Plumeria flower of graphs. Firstly, define the Delonix regia flower graph as follows.

Definition 1. Delonix regia flower graph denoted by (DRF,) is a graph from joint graph
operations of Anti-prism graph (AB,), wheel graph (W, ), and helmet graph (H,,). Delonix regia
flower graph has the number of vertices |V(DRF,)| = (3n + 1) for n = 4, with n vertices of
degree 1, 2n vertices of degree 5, and 1 vertex of degree n and has the number of edges
|E(DRE,)| = 6n. Figure 1 ilustrated Delonix regia flower graph.
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(d)

Figure 1. Delonix regia flower graph (DRF,) with n > 4. (a) DRF,, (b) DRFs, (c) DRF,, (d) DRF,.

This following theorem give the exact value of the chromatic number of Delonix Regia flower
graph (DRE,) for n = 4. To prove the lower bound, we use Theorem 1, and to obtain the upper
bound, we construct a labeling by defining a function f as follows:

Theorem 2. Let G = (DRE,) be the Delonix Regia Flower Graph. The chromatic number of the
graph Delonix regia flower (DRE,) withn = 4 is y(DRE,) = 4.

Proof.
There are vertices and edges set of Delonix regia flower.
V(DRF,) = {C,u;, v;,w;|1 < i < n} and set of edges as follows.
E(DRF,) ={Cy|1 <i<njU{yu |1 <i<n—-1}U{u,u} Uyl <i<n}u
fuvill<i<n-1}u{yvuf{vy,+11<i<n-1}u{y,v,}u
{fviw;|]1 <i<n}.
where p = [V| =3n+ 1 and q = |E| = 6n. We will show that y(DRF,) = 4 by considering two
cases below.

Case 1. We show that y(DRF,) = 4 by using Theorem 1,
x(DRE,) < A(DRF,) + 1
¥(DRE) < n + 1
4 <n+1
Thus, it satisfies y(DRF,) < n + 1,n = 4 where nis odd.

Case 2. We show that y(DRF,) < 4 by define a coloring function f as follow

i foy=1
2;1<1i < nandiodd
i. f(ul-)={3;1$i$nandieven
4; i = nandiodd
1;1 <i <nandiodd
ii. f(vl-)z{él-; 1 <i < nandieven
2; i = nandiodd

iv. fw)=31<i<n
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It is proved that the Delonix regia flower graph has chromatic number y(DRF,) = 4
and satisfies Theorem 1 that is y(DRF,) < A(DRE,) + 1. This following Figure 2 ilustrated the
coloring vertice for Delonix regia flower graph where y(DRF,,) = 4.

(d)

Figure 2. Delonix regia flower graph (DRF,)) with n > 4.
(2) DRF,, (b) DRF;, (c) DRF,, (d) DRF,.

Definition 2. The graph Plumeria Flower which is denoted by (PLF,) is a graph formed by
joint three classes of graph that is the prism graph (H,,), the wheel graph (W,,), and fan graph
(E,). The graph Plumeria Flower has the number of vertices |V (PLF,))| = n(n + 3) + 1 vertices
for n = 4, with 2n vertices of degree 2, n(n — 2) vertices of degree 3, n vertices of degree n + 1,
2n vertices of degree 4 and 1 vertex of degree n and has the number of edges |E(PLF,)| = 2n? +
4n.

This following Figure 3 ilustrated the plumeria flower graph (PLE,).
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(© (d)
Figure 3. The graph Plumeria flower (P,) with n = 4. (a) PLF,, (b) PLFs, (c) PLF,, (d) PLF,.

This following theorem give the exact value of the chromatic number of Plumeria flower
graph (PLE,) for n is odd and n = 4. To prove the lower bound, we use Theorem 1, and to obtain
the upper bound, we construct a labeling by defining a function g as follows:

Theorem 3. Let G = (PLF,) be the Plumeria Flower Graph. The Chromatic number of
Plumeria flower graph (PLF,) withn = 4 and n is odd, then y(PLF,) = 4.

Proof.

The Plumeria flower is a graph that has a set of vertices V(PLF,) and edges E(PLF,) as follows.
V(PLF,) = {C,u, v, wi|1 < i <nyUfky; kyjksj o knjll < j < n}

EPLF)) ={C,y|l1<i<n}u{yu |1 <i<n—-1}U{uu}u{yv|l <i<nju{ymv|1<i<
n—13U v} U{ow|l <i<n}u{wk, |1 <j <n}{wok, ;11 <j<n} .. {wik, ;|1 <j<n}u
{kyjkyjiall <jsn—1}{ky ko jiall <j<n—1}, o {kyjknjsall <j <n—1},

where p = [V| =n(n+3)+1and q = |E| = 2n? + 4n.

The chromatic number of the Plumeria flower graph with odd n is 4 with the maximum
degree being n + 1. y(PLF,) = 4 if and only if y(PLF,) = 4 and y(PLF,) < 4. First, we show
that y(PLF,)) = 4 using Theorem 1, the chromatic number of the Plumeria flower graph for n
odd as follow.

x(PLF,) < A(PLF,) + 1
y(PLF,)<n+1+ 1
¥(PLF,) < n+2

4 <n+ 2
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Thus, it satisfies y(PLF,)) < n + 2,n = 4 where n is odd. Furthermore, to coloring the
vertices, we define the function g as follow :

1. Color its vertices with:
gy =1,1<i<n,

2 i < nandiodd
gu) =13; i < nandieven
4 i = nandiodd
2 i < nandieven
gw) =4 3; i < nandiodd
1; i = nandiodd

IA IA

gw) =4 1< i <n,

(21 <j<nandjodd
g(kyj) = {3; 1 <j < nandjeven

It is proven that the Plumeria flower graph for odd n has chromatic number y(PLF,) =
4 and satisfies y(PLF,) < A(PLF,) + 1. Based on Theorem 3, the vertex coloring for Plumeria
flower graph for odd n is illustrated in Figure 4.

(a) (b)

Figure 4. Vertex coloring of the Plumeria flower graph (PLF,) with n > 4 for odd n. (a). PLFs,
(b) PLF,

This following theorem give the exact value of the chromatic number of Plumeria flower graph
(PLE,) for n even and n > 4.

Theorem 4. Let G = (PLF,) be the Plumeria Flower Graph. The Chromatic number of
Plumeria flower graph (PLF,) withn = 4 and n is even, then y(PLF,) = 3.

Proof.
The graph Plumeria flower is a graph that has a set of vertices
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V(PLF,) = {C,u, v, wi|1 < i <nyUfky; kyj ks j o knjll < j <n}

EPLF) ={C,y|1 <i<njV{yuy 1 <i<n—-1}U{uu}u{yy|l <i<n}u{vv|1<i<
n—13U{rv}u{vwl <i<n}u{wk |1 <j<n}{wsk, 11 <j<n} ., {wky |1 <j<n}u
{kyjkyjiall <jsn—1}{ky ko jiall <j<n—1}, o {kyjknjsall <j <n—1}

where p = [V| =n(n+3)+1and q = |E| = 2n? + 4n.

The chromatic number of the Plumeria flower graph with n even is y(PLF,)) = 3 if and only if
x(PLF,) = 3 and y(PLF,) < 3.

1. Using Theorem 1, the chromatic number of the Plumeria flower graph for even n is within
the interval:

x(PLF,) < A(PLF,) + 1
¥(PLF,))<n+1+ 1
¥(PLF,) < n+2
3<n+ 2
Thus, it satisfies y(PLF,) < n + 2, wheren > 4 and n is even.
1. Color its vertices with:

f(O)=11<i<n

f(u-)—{ 2;1 <i < n,iodd
Y7l 3,1 <i < nieven

2;1 <i < njieven
f@) ={ 3;,1<i<niodd

fw) =1,1<i <n,
;1 <) <
f(ki,j)(izl,z ..... n — {3; 1<j<

It is proven that the Plumeria flower graph for even n has chromatic number y(PLF,)) = 3 and
satisfies y(PLF,,) < A(PLF,) + 1.

Based on Theorem 4, the vertex coloring of the Plumeria flower graph for even n is
illustrated in Figure 5.



168

The Chromatic Number For Delonix Regia And Plumeria Flower Graphs

(a) (b)

Figure 5. Vertex coloring of the Plumeria flower graph (PLF,) with n > 4 for even n. (a)
PLF,, (b) PLF,.

5. CONCLUSION

Based on the result of the analysis and discussion, it can be concluded that for the Delonix regia

flower graph (DRF,)) where n > 4, the chromatic number obtained is y(DRF,) = 4, and for the
Plumeria flower graph (PLF,,) wheren > 4 and n is odd, then the chromatic number is y(PLF,,) = 4.
Furthermore, for n even, then the chromatic number is y(PLF,)) = 3.

Thank. Special thank you to the Department of Mathematics, Faculty of Mathematics and Natural
Sciences, University of Riau, students of the Graph Theory course, and editorial board JOMSO journal.
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